We consider the case of a density-driven metal-superconductor transition in the proximity of an electronic phase separation. In particular we investigate the interplay between superconducting fluctuations and density fluctuations, which become quantum critical when the electronic phase separation vanishes at zero temperature into a quantum critical point. In this situation the critical dynamical density fluctuations strongly affect the dynamics of the Cooper pair fluctuations, which acquire a more singular character with a z = 3 dynamical critical index. This gives rise to a scenario that possibly rules the disappearance of superconductivity when the electron density is reduced by elecrostatic gating at the LaAlO3/SrTiO3 interface.
I. INTRODUCTION
There are many electronic systems where some kind of order is established upon changing the electron density. Traditional examples are given by disordered doped semiconductors or MOSFETs, where a metal-insulator transition is found upon reducing the electron density 1 and by heavy fermion systems, where competing phases (like, e.g., antiferromagnetism) are often spoiled by doping, giving rise to metallic states often accompanied by superconductivity 2 . High temperature superconducting cuprates and pnictides are other noticeable examples of systems where several electronic phases are realized by changing doping. More recently it was also found that the two-dimensional electron gas (2DEG) formed at the interface of transition-metal oxides (like, e.g., LaXO 3 /SrTiO 3 , with X=Al,Ti, LXO/STO) become superconducting when the electron density is varied by electrostatic gating 3, 4 . A zero-temperature Quantum Critical Point (SC-QCP) separates the superconducting phase from the non-superconducting one 5 . It may happen that the electronic liquid is not homogeneously distributed in the system, as in the presence of an electronic phase separation (PS) for instance. In this case, if the electronic inhomogeneities are static and sizable, i.e., large enough to sustain the ordered phase (e.g., superconductivity) one may expect that an inhomogeneous ordered state can be realized. For instance, one can envisage a state where superconducting "puddles" are embedded in a non-superconducting metallic phase of lower electronic density, and link together to establish an overall coherent state, which is destroyed when the electron density is reduced. 6, 7 . The phase separation regime itself may be tuned by an external parameter, such as an electrostatic gate voltage, which controls the average electronic density, and disappear into a zero-temperature critical point (PS-QCP). Around this point the density fluctuations have a quantum nature and keep a dynamical character, giving rise to slow critical density fluctuations at very long wavelengths. Of course, this physical situation can only occur (at least approximately on large, even though not infinite, scales) if the Coulombic repulsion between electron density fluctuations is substantially screened. In this case the critical electron density fluctuations in the clean limit display a typical behavior characterized by their propagator 8, 9 D(q, ω) = δn(q, ω)δn(−q, −ω)
where c n is a fermionic scale, q ≡ |q|, and m 0 n = c n ξ −2 n (ξ n being the density correlation length) rules the distance from the PS-QCP, where it vanishes. To be more specific, in LXO/STO this distance can be tuned by the
), where V c g is the critical gating at which the QCP occurs. Near this QCP the Landau damping induces a term i|ω|/q. The largest contribution of these fluctuations (i.e. the maximum of their spectral density) occurs when the damping term is of the same order of the q 2 term. This leads to an overdamped dynamics with ω ∼ q 3 and therefore a dynamical critical index z = 3 characterizes the critical density fluctuations.
Here, we address one single question: what happens if the QCP for phase separation occurs near the QCP of the density-driven ordering transition? For the sake of concreteness, we will explicitly consider the case of densitydriven superconductor-to-metal transition, but several of our arguments will apply to other transitions as well. The rather generic finding is that the most critical (i.e., singular) fluctuations imprint the dynamics of the less critical fluctuations. In the specific case of PS-QCP and SC-QCP proximity we will see that the z = 2 superconducting (Cooper) fluctuations inherit the z = 3 dynamics of the underlying density fluctuations.
In order to provide a first intuitive glimpse of the situation, we first consider a toy model based on superconductivity instantaneously taking place as soon as a (dynamical but slow) density fluctuation increases locally the arXiv:1503.05997v1 [cond-mat.supr-con] 20 Mar 2015 electron density above a critical value (Sect. II). In Sect. III we will provide general arguments to support the idea that the two QCP (the one closing the PS dome and the one related to density-driven superconductivity) tend to attract and coalesce. Sect. IV contains our concluding remarks.
II. THE FLUCTUATING PUDDLE MODEL
We start from a simple "toy model" model, where the critical character of the density-driven ordering is neglected, in order to make the above "imprinting" mechanism more explicit. We assume that when a certain critical density n c is locally reached, a superconducting (SC) order parameter instantaneously arises. In particular, it may happen that a dynamical density fluctuation is created, where locally the density is sufficiently high to sustain superconductivity. In this case, neglecting the transient behavior, one faces a superconducting puddle, which, however, only survives as long as the density fluctuation survives. It is then natural to infer that the dynamics of the density fluctuation imprints (actually it determines) the dynamics of the superconducting puddles and leads to an apparent z = 3 behavior for SC dynamics.
Owing to the propagator in Eq. (1), the density fluctuations in momentum space [i.e., the Fourier transform of δn(r, t) ≡ n(r, t) −n,n being the average density] satisfy the differential equation
where ξ
n /c n , and we take the momenta in units of Fermi wavevectors and time in units of inverse Fermi energy. Eq. (2) can be solved giving, for t > 0,
The corresponding real-space density can be coupled to the SC order parameter ∆(r)| by a term of the form
while the SC order parameter itself is ruled by a Hamiltonian 
where θ(x) is the Heaviside function. To test the occurrence of a z = 3 dynamics for the SC order parameter, for the sake of definiteness, we consider the case when superconductivity takes place in the puddle as soon as δn > 0 (i.e. m 0 sc = 0). We numerically generated at t = 0 in one dimension a density fluctuation with a Gaussian space profile and, after Fourier transforming, we let it evolve in time according to Eq. (3). Transforming back to real space, we insert the new density profile in Eq. (5) and we identify the time evolution of the frontier of the SC puddle, obtaining the curves of Fig. 1 . One can see that, after a short time transient, a z = 3 diffusive dynamics (the long-dashed line is a y = 1.85 t 1/3 curve for comparison) occurs with the front of the SC puddle increasing like r ∆ ∼ t 1/3 (black and blue curves corresponding to ξ 
III. PERTURBATIVE HINTS
In the above model one finds that a static SC order parameter acquires a critical dynamics "riding" on a z = 3 density fluctuations. We now analyze from a simple perturbative point of view the interplay between the PS and the SC quantum criticality recovering the critical character of the superconducting fluctuations, which was neglected in the above "toy model". We consider the case when the superconducting order parameter fluctuates both in modulus and phase (like in the original GinzburgLandau case) and couples to nearly critical density fluctuations of an otherwise homogeneous metal. This scenario involves the interplay between standard Cooper fluctuations and critical density fluctuations. An obvious prerequisite for this interplay is that the PS-QCP and the SC-QCP are in close proximity. This naturally raises the question whether such proximity requires a fine tuning of the model parameters or it naturally occurs due to some intrinsic "attraction" of the two critical point. The first result of our perturbative analysis is that the second possibility is quite likely. First of all, it is well known that SC pairing is favored (and it may even be induced) by critical density fluctuations. It has been shown in the framework of strongly correlated electrons that near a PS-QCP superconducting pairing is induced due to the mediation of the nearly critical density fluctuations 10, 11 . On the other hand, it has also been proposed 12 that a density-driven superconducting transition may favor phase separation. Here we perturbatively show that the density fluctuations are made softer (and the compressibility correspondingly increases) when the SC-QCP is approached. We calculate the diagram (a) in Fig. 2, representing 
which clearly displays a z = 2 (ω ∼ q 2 ) overdamped dynamics. We find that, starting from separated QCPs, the finite bare inverse compressibility m 0 n tends to be Here m n and m 0 sc also measure the distances from the PS-QCP and SC-QCP respectively, while Λ is a nonuniversal high-energy cutoff. Therefore, no matter how weak is the coupling between superconducting and density fluctuations, the inverse compressibility κ −1 = m n tends to decrease when approaching the SC-QCP (where m 0 sc → 0). A pictorial view of this scenario is reported in Fig. 3 . Although a full renormalization group calculation is in order to draw definite conclusions, the above perturbative finding indicates that the proximity of the PS-QCP and the SC-QCP is not a fortuitous (and unlikely) coincidence.
Based on the above indication, we now investigate the interplay of the SC and density fluctuations assuming that the the SC and PS criticality are sufficiently close to strongly influence each other and we impose a formal coincidence of the two QCPs. Thus we carry out perturbative calculations in two dimensions starting from the standard Cooper fluctuation propagator in Eq. (6), with z = 2, and the density fluctuation propagator of Eq. (1), with z = 3. To impose the QCP coincidence maximizing the effect of the critical interplay we set to zero both m 0 n and m 0 sc in the calculation of the diagram in Fig. 2  (b) . We find that the SC fluctuations are strongly renormalized and at first order their propagator acquires the formL
Again the largest contribution of these fluctuations (i.e. the maximum of their spectral density) occurs when the damping term iω 2 /q 5 is of the same order of the q term leading to an overdamped dynamics with ω 2 ∼ q 6 . And again this corresponds to a dynamical critical index Notice that the constant terms in the denominator, which would drive the system away from the critical point has been self-consistently set to zero to keep the criticality condition fulfilled. Once more we stress that a full renormalization group treatment is required to firmly establish the behavior near the two QCP, but our perturbative calculations are clearly indicative of the following scenario. The two QCP tend to coalesce and would generically give rise to a first-order transition with a PS between a low-density metallic state and a highdensity SC state. However, as it usually occurs, a tuning of some parameter (like gating or magnetic field) may bring the system near a quantum tricritical point, where the SC critical temperature vanishes and, at the same time, the compressibility diverges, κ = m −1 n → ∞ (i.e., the two QCPs merge). At this point the SC fluctuations acquire a z = 3 dynamics, while the effective dimensionality d + z = 5 is larger than the upper critical dimension d uc which is three for a tricritical point. In this case, for a two-dimensional system, one would expect mean-field critical indexes. 
IV. POSSIBLE REALIZATION: LXO/STO INTERFACE
All the above analysis is based on the presence of long-ranged nearly critical density fluctuations. Obviously such fluctuations are only possible if the longrange Coulombic (LRC) electron-electron interaction is strongly screened, otherwise these fluctuations would become high-energy barely damped plasmonic excitations. In this case the dynamical critical index z = 1.
15,16 It has also been shown 17 that a moderate screening, like the one due to a metallic gate close to a JosephsonJunction array, may still lead to z = 1 and a rather large value of the correlation length critical index ν > 2.
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The question therefore becomes: to what extent our strong-screening assumption is valid leading to the strong Landau-damping effects responsible for the large, z = 3, value of the dynamical critical index? The answer naturally depends on the physical system at hand. If the SC transition occurs in a very low-density system, LRC interaction likely plays a relevant role and the scenario of the previous sections would hardly apply. On the other hand, when the SC transitions takes place in a metallic state with high mobility and relatively high electron densities, all interactions become short ranged and the superconducting fluctuations may be strongly damped. The text-book case of the metal-to-superconductor transition driven by Cooper fluctuations naturally realizes this case with z = 2 [cf. Eq. (6)]. The same critical index characterizes the superconducting QCP of Ref. 19 . LXO/STO interfaces, where n ≈ 10 13 − 10 14 electrons/cm 2 likely belong to this class systems where the screening plays a relevant role thereby leaving the possibility of large critical density fluctuations open. Moreover, one should also remember that SrTiO 3 , where the interface charges reside, has a huge dielectric constant ranging from 300 to 25000 strongly enhancing the screening.
Disorder is another relevant issue to be discussed. We consider systems where the microscopic disorder is weak and rather homogeneously distributed. In this case the metallic character of the systems is poorly affected by the impurity scattering at most resulting in weak localization of no relevance to our purposes (like in LTO/STO). On the other hand, the presence of a PS naturally entails the occurrence of a strongly inhomogeneous state emerging from this otherwise weakly disordered metal. This inhomogeneity would poorly affect transport properties because it mostly enhances forward scattering leaving the mobility high. However such static inhomogeneity would greatly affect the critical properties raising the question of the Harris criterion to be satisfied in order to have a true phase transition. The metallic state near the PS-QCP is not disordered because the density fluctuations are slow (that is critical), but fully dynamical excitations of the electron gas and they are not a static (quenched) source of disorder. In this case the Harris criterion simply does not apply (at least, in its standard form). In particular, when the metal-SC transition is driven by the gating potential V g a zν = 3/2 scaling is observed. 20 In this case one can argue that gating brings the system close to a PS-QCP, where no static puddles are present (thus Harris criterion is not applicable) and the density critically fluctuates in a clean metallic state. In this scheme the experimental observation of zν = 3/2 could arise according to the scenario of Sect. III from a z = 3 dynamical critical behavior of the superconducting fluctuations together with a mean-field like exponent ν = 1/2. We find it appealing to consider and explore the possibility of this alternative scenario, in which the superconducting fluctuations are coupled to (and imprinted by) nearly critical density fluctuations.
We finally remark that our scenario may also apply to those cases where superconducting fluctuations couple to longitudinal nematic modes (also characterized by z = 3 21 ) possibly explaining the occurrence of a superconducting QCP with zν = 3/2 reported in a gate doped La 2−x Sr x CuO 4 sample.
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